In this work, we seriously discuss whether X(3915) can be treated as χ c0 (2P) state. Based on an unquenched quark model, we give the mass spectrum of the χ cJ (2P) states, where there are no free input parameters in our calculation. Our result shows that the mass gap between χ c0 (2P) and χ c2 (2P) can reach 13 MeV, which can reproduce the mass difference between Z(3930) and X(3915). Additionally, the calculated masses of χ c0 (2P) and χ c2 (2P) are consistent with experimental values of X(3915) and Z(3930), respectively. Besides, giving the mass spectrum analysis to support X(3915) as χ c0 (2P), we also calculate the width of χ c0 (2P) with the same framework, which is also consistent with the experimental data of X(3915). Thus, the possibility of charmoniumlike state X(3915) as χ c0 (2P) state is further enforced. ‡ Corresponding author * Electronic address: duanmx16@lzu.edu.cn † Electronic address: luosq15@lzu.edu.cn § Electronic address: xiangliu@lzu.edu.cn ¶ Electronic address: matsuki@tokyo-kasei.ac.jp η c (2S) 1986 h c (1P) 2003 X(3872) 2006 Z(3930) 2010 X(3915) 2013 X(3823) 2017 Y(4220) 2019 X(3842) Established charmonia XYZ states as the candidates of charmonium 17 years FIG. 1: The established charmonia and some XYZ states as possible candidates for charmonium.
I. INTRODUCTION
As an important group of the whole hadron spectrum, the charmonium family plays a very important role to provide the hint for quantitatively understanding how quarks form different types of hadrons, which has a close relation to nonperturbative behavior of strong interactions. In 1974, the first charmonium state J/ψ was found [1, 2] . Then, in subsequent eight years from 1974 to 1982, most of charmonia listed in the present Particle Data Group (PDG) were observed, which becomes the main body of the charmonium family. Here, the typical states include J/ψ [1, 2] , ψ(3686) [3] , ψ(4040) [4] , ψ(4415) [5] , ψ(3770) [6] , ψ(4160) [7] , χ c0 (1P) [8] , χ c1 (1P) [9] , χ c2 (1P) [10] , η c (1S ) [11] , and η c (2S ) [12] . With these observations, the Cornel model was proposed by Eichten et al. [13] in 1975, from which different versions of a potential model [14] [15] [16] [17] [18] [19] applied to depict the interaction between quarks were developed by different groups.
However, the present observed charmonium spectrum is not complete in the sense that higher states in the charmonium family are still absent, where the higher states refer to the charmonia with higher radial and orbital quantum numbers. These missing higher states include three 1D states accompanied by ψ(3770) and 2P states in the charmonium family. In fact, there is a big window without discovery of more new charmonia from 1982 to 2003, except h c reported by the R704 Collaboration [20] in 1986. In Fig. 1 , all the observed charmonia and possible candidates are shown for the present status of charmonium family.
This situation has been dramatically changed as a series of charmonium-like XYZ states have been observed in experiments. X(3872), as the first XYZ states reported by the Belle collaboration [21] , stimulated theorists' interests in exploring DD * molecular pictures [22] [23] [24] , which has contin-ued to date and shed light on the nature of X(3872). For X(3872), the experimental mass and decay width are measured as M X(3872) =3.871 GeV and Γ exp X(3872) < 1.2 MeV. The mass and width are far lower than predictions of potential models. By introducing coupled-channel effects, the low mass puzzle of X(3872) can be well understood [25] [26] [27] . Thus, X(3872) can be explained as a χ c1 (2P) state containing a DD * component. And, two candidates of 1D states were announced by the Belle and LHCb Collaborations [28, 29] , which are X(3823) from the X(3823) → χ c1 γ decay channel and X(3842) from the X(3842) → DD process. In addition, the Lanzhou group indicated that there exists a narrow Y state around 4.2 GeV, which corresponds to ψ(4S ) [30] . Later, BESIII indeed observed this narrow structure in the e + e − → π + π − h c and e + e − → ωχ cJ processes [31, 32] . Recently, they again published one paper to illustrate how to construct higher vector states of the J/ψ family with updated data of charmonium-like Y states [33] . From these examples, some of charmonium-like XYZ states may be good candidates of missing charmonia. Thus, the above facts tell us a lesson, i.e., before introducing exotic hadronic state assignments to XYZ, we should carefully check whether there exists a possibility to group it into the charmonium family. Up to date, such a study has become an interesting research issue [25, 27, 34, 35] . iors of 2P charmonia by combining the experimental data of X(3872), Z(3930), and X(3915). Here, Z(3930) and X(3915) are from γγ → DD [36] and γγ → J/ψω processes [37] , respectively. Linking these XZ states to charmonia, they indicated that Z(3930) is the χ c2 (2P) state and decoded X(3915) as the χ c0 (2P) state with definite J PC = 0 ++ quantum number [34] . Later, the BaBar Collaboration confirmed this quantum number of X(3915) [38] . Thus, X(3915) as the χ c0 (2P) state was listed into the 2013 version of PDG [39] .
After three years, this situation was changed by the paper [40] with the title "Where is the χ c0 (2P)?". In this work, three questions were raised if treating X(3915) as χ c0 (2P): 1) why X(3915) → J/ψω has large width, 2) why the main decay mode "X(3915) → DD" was not reported in experiment, and 3) why the mass gap between X(3915) and Z(3930) is far smaller than that between χ b0 (2P) and χ b2 (2P). Then, two groups joined the discussion of whether X(3915) can be the χ c0 (2P) state [41] [42] [43] . As a consequence, labeling X(3915) as χ c0 (2P) was removed in the 2016 version of PDG [44] .
Guo et al. claimed that the χ c0 (2P) state should have mass around 3837.6±11.5 MeV and width about 221±19 MeV by their analysis to the DD invariant mass spectrum of the γγ → DD process [40] . In 2017, the Belle Collaboration made an analysis with e + e − → J/ψDD process, and found a broad structure named as X(3860) [45] . Here, its mass and width are M = 3862 MeV and Γ = 201 MeV, respectively. Belle indicated that X(3860) favors the J PC = 0 ++ assignment. Therefore, Belle assigned the observed X(3860) as χ c0 (2P). In Ref. [46] , the authors studied charmonium-like structures around 3.9 GeV in the framework of a constituent quark model. Here, their result favors the hypothesis that X(3915) and Z(3930) resonances arise as different decay mechanisms of the same J PC = 2 ++ state, and explanined X(3860) to be a χ c0 (2P) state [46] .
It is obvious that the situation of establishing the χ c0 (2P) candidate gets into a mess, which should be urgently clarified as soon as possible.
In the past years, we have been paying close attention to this problem. In Ref. [35] , the Lanzhou group proposed a solution to the second problem mentioned above. The structure corresponding to Z(3930) observed in the DD decay channel may contain two P−wave higher charmonia χ c0 (2P) and χ c2 (2P), which can be supported by the analysis of the DD invariant mass spectrum and cos θ * distribution of γγ → DD [36] . This means that the second problem raised in Ref. [40] can be solved. We suggest Belle II to reanalyze the γγ → DD process with more precise data.
We still believe that X(3915) observed in γγ → J/ψω is a good candidate of χ c0 (2P). Thus, we must face the third problem raised in Ref. [40] just mentioned above. In a quenched potential model, the mass splitting between χ c0 (2P) and χ c2 (2P) is far larger than that between X(3915) and Z(3930). According to the quenched quark model estimate,
can be naively obtained as claimed in Ref. [40] . In fact, we should be careful with this point. X(3872) is a typical example, where there exists the low mass puzzle, i.e., the mass of X(3872) is around 100 MeV lower than the value from the quenched quark model calculation [16] . This puzzle can be solved by a coupled-channel effect by calculating mass with an unquenched quark model [27] . In fact, for other 2P states which are above the threshold of open-charm decay channels, the coupled-channel effect should be seriously considered, which will be the task in this work. We will illustrate why the mass gap of χ c0 (2P) and χ c2 (2P) is far smaller than that of χ b0 (2P) and χ b2 (2P) by an unquenched quark model calculation. In the following sections, we will give a detailed illustration.
Finally, when treating X(3915) as χ c0 (2P), we need to answer the remaining problem whether or not χ c0 (2P) has wide width, which is a crucial point we have to face. In this work, we will explicitly present that χ c0 (2P) should be a narrow state which is due to the node effect. Thus, two χ c0 (2P) candidates like X(3840) in Ref. [40] and X(3860) reported by the Belle Collaboration [45] should be excluded.
This paper is organized as follows. After the introduction, we will introduce the mass problem of a quenched quark model. Next, we will give a coupled-channel picture for the discussed χ c0 (2P) state in Sec. II. In Sec. III, the numerical result will be presented. Especially, we give an analysis why we can get consistent results with experimental data of X(3915). At last, this paper ends with a summary in Sec. IV.
II. MASS PROBLEM OF 2P CHARMONIUM STATES FROM QUENCHED QUARK MODEL
With the observation of a series of charmonia, the Cornell model for quantitatively depicting the strong interactions between quarks was proposed by Eichten et al. [13] . Since then, different versions of a potential model were developed by different groups. Among them, the Godfrey-Isgur (GI) model [16] was extensively applied to study the hadron spectrum. In this work, we firstly illustrate the mass problem of a quenched quark model by presenting the spectrum of 2P charmonium states, where the GI model was adopted. 1 The GI model is a semi-relativistic potential model with a Hamiltonian
1 Here, we need to comment on the calculated result of the mass of 3 P 0 cc state by the nonrelativistic quark model. In Ref. [19] , the authors adopted the nonrelativistic quark model to give the mass spectrum of the charmonium family. We may reproduce most of their results by applying a perturbation method, where H 0 and H are treated as a solvable part and a perturbation term, respectively. However, for 1 3 P 0 and 2 3 P 0 states, the calculated masses are not stable and convergent when including higher order perturbation contributions. For example, if adopting the potential suggested in Ref. [19] , mass of 1 3 P 0 is 3.525, 3.425, 3.351, and 3.266 GeV and mass of 2 3 P 0 is 3.943, 3.854, 3.781 and 3.701 GeV when zerothorder, first-order, second-order, and third-order perturbation contributions are considered step by step in calculation. If adopting the potential given in Ref. [18] , there exists the same problem for the calculation of the mass of 1 3 P 0 and 2 3 P 0 states. This problem is due to the singularity of 1/r 3 -like terms in the potential near r = 0. However, in the GI model, this singularity is smeared. Thus, such a problem does not exist.
where m 1 and m 2 are masses of quark and anti-quark. The potentialṼ(p,r) is composed of a short-range γ µ ⊗ γ µ interaction of one-gluon exchange and a long-range 1 ⊗ 1 linear color confining interaction. When taking the nonrelativistic limit, a familiar nonrelativistic potential can be obtained fromṼ(p,r). In the GI model, the relativistic corrections can be considered by smearing transformation and momentum-dependent factors. Here, the smearing function should be introduced, i.e.,
by which the confining potential S (r) = br + c and one-gluon exchange potential G(r) = −4α s (r)/(3r) can be smeared out byG
For a general relativistic form of the potential, it should be dependent on momenta of interacting quarks in the center-ofmass system. Thus, we should further modify this smeared potentialṼ(r) bỹ
with E c = (p 2 + m 2 c ) 1/2 and Ec = (p 2 + m 2 c ) 1/2 , where a parameter i corresponds to different types of interactions. The details of the GI model can be found in Ref. [16] . In Table I , we list the parameters of the GI model, which can be obtained by refitting the masses of the lowlying well-established charmonia (η c (1S ), J/ψ, ψ(3686), ψ(3770), h c (1P), χ c0 (1P), χ c1 (1P), χ c2 (1P), ψ(4040), and ψ(4160)) [47] . The obtained values are slightly different from those given in Ref. [16] . Here, the obtained masses (in units of GeV) of 1 1 S 0 , 1 3 S 1 , 2 1 S 0 , 2 3 S 1 , 3 3 S 1 , 1 1 P 1 , 1 3 P 0 , 1 3 P 1 , 1 3 P 2 , 1 3 D 1 , 1 3 D 2 , 1 3 D 3 , and 2 3 D 1 are 2.996, 3.098, 3.634, 3.676, 4.090, 3.513, 3.417, 3.500, 3.549, 3.805, 3.828, 3.841, and 4.172, respectively. Just shown in above, these low-lying charmonia can be well reproduced.
With the same parameters as input, we may give the masses of 2P states and make a comparison with the observed X(3872), X(3915), and Z(3930). There exists the 64 MeV difference between 2 3 P 1 charmonium and X(3872), which is the famous low mass puzzle of X(3872). In addition, the mass gap (89 MeV) between 2 3 P 0 and 2 3 P 2 cc states is far larger than that between X(3915) and Z(3930), which is 12 MeV. In Fig. 2 , the difference of mass spectrum between the 2P states given by the GI model and the observed three charmoniumlike states is explicitly illustrated. This is the mass problem of the 2P charmonium spectrum by the quenched quark model. Hence, we should develop an unquenched picture when facing such a mass problem since the allowed open-charm decay channels are open for these 2P states. This will be the crucial task dedicated in this paper.
III. THE MASS SPECTRUM OF 2P CHARMONIA BY AN UNQUENCHED PICTURE
When checking the masses from a quenched quark model like the GI model, we notice that the discussed 2P cc states are above the DD and DD * thresholds. For χ c1 (2P), S -wave and D-wave interactions occur for the χ c1 (2P) coupling with the DD * . For χ c0 (2P), it can couple with DD via an S -wave interaction while χ c2 (2P) may interact with the DD and DD * via a D-wave coupling. Thus, in this section we exam the coupledchannel effect from the DD and DD * channels to the mass spectrum of 2P charmonia. In the following subsection, we firstly introduce some historical results of χ c0 (2P) presented in some published literatures. After that, the unquenched model adopted in this paper will be introduced.
A. The research status of mass of χ c0 (2P) and χ c2 (2P)
In fact, there were some theoretical papers of the calculation of mass of χ c0 (2P) and χ c2 (2P) states under the unquenched picture [27, [49] [50] [51] [52] before the present work, which are summarized in Table II.   TABLE II: Mass of χ c0 (2P) and χ c2 (2P) states from different theoretical groups. Here, the bare and physical masses and the corresponding mass shift are collected.
m bare m phy mass shift m bare m phy mass shift [27] 4108 3918 
sD * s channels are contained in their calculations. The bare mass is gotten from a mass spectrum, where the contributions from the above channels are subtracted. 2 Only the open channels are considered in these papers. The bare masses are gotten from the potential model fitted with experimental mass directly.
The results in Table II show that the effect from open-charm channel contributions to the mass of χ c0 (2P) and χ c2 (2P) are obvious. However, if checking the details of the obtained results, inconsistency 2 still exists in the results. Especially, the small mass gap between X(3915) and Z(3930) in Fig. 2 cannot be reproduced exactly. According to the general physical picture, we may conclude that the S-wave coupled-channel contribution to the mass shift should be larger than the D-wave coupled-channel, which in fact was not reflected by some concrete results in Refs. [27, 51, 52] . To some extent, the authors in Refs. [51, 52] did not realize this problem. Thus, the messy situation of mass study of χ c0 (2P) and χ c2 (2P) should be clarified by a more in-depth research, which is the main task of the present work.
B. The adopted unquenched model
The description of self-energy hadronic loop corrections to 2P charmonium states is illustrated in Fig. 3 . Here, a bare state can be dressed by these coupled hadronic channels composed of charmed mesons, which corresponds to a physical state.c cc cFor giving a quantitative calculation for it, we need to construct the coupled-channel equation
where the m bare is the mass of a bare state which can be calculated by a quenched quark model like the GI model as described in Sec. II. s is a pole found in a complex energy plane. The Π(s) is the summation of Π n (s), and the subscript n in Π n (s) denotes the n-th hadronic channel coupled with this bare cc state. The s fulfilling the P −1 = 0 is the coupled-channel result. The s is defined as s = (m phy − iΓ/2) 2 , where m phy and Γ are the mass and width of a physical state which may correspond to experimental resonance parameters of the concrete observed state. For a discussed heavy quarkonium, the narrow width approximation s ≈ m 2 phy − im phy Γ can be employed in Eq. (5). Then, the real and imaginary parts of Eq. (5) can be separated, i.e., m 2 phy =m 2 bare + ReΠ(m 2 phy ),
from which m phy and Γ are directly calculated. By solving the first equation in Eq. (6), m phy can be obtained, which can be subsequently applied to get the width Γ by the second equation in Eq. (6).
Using the optical theorem, the imaginary part ImΠ n (m 2 phy ) in Eq. (6) can be calculated by cutting the hadronic loop shown in Fig. 3 . The interaction between a bare state and a hadronic channel is described by an amplitude M LS (P), which has a close relation with the imaginary part ImΠ n (m 2 phy ) [53] , i.e.,
where B and C are two intermediate mesons which are the components of a constructing hadronic loop. P represents the momentum of a B meson. Using the Källen function λ(x, y, z) = x 2 +y 2 +z 2 −2xy−2xz−2yz, the momentum P can be expressed as P = λ 1/2 (m 2 phy , m 2 B , m 2 C )/(2m phy ). Then, M LS (P) can be transferred into M LS (m phy ) which will be abbreviated as M LS for convenience. E B and E C are energies of B and C mesons, which can be represented as E B/C = P 2 + m 2 B/C . The amplitude M LS can be given by the quark pair creation (QPC) model [55] [56] [57] [58] , which will be explicitly introduced later.
Next, the corresponding real part ReΠ n (m 2 phy ) can be related to the imaginary part ImΠ n (m 2 phy ) by the dispersion relation,
Here. the P denotes of principal value integration, and S th,n is the threshold of the n−th channel. 
where the subtraction point m 0 may correspond to a ground state, which is usually much lower than the threshold of the first OZI-allowed coupled channel. For a discussed charmonium system, we may choose the mass of J/ψ particle (m J/ψ =3.097 GeV) as m 0 . With this subtraction method given in Eq. (9), only the hadronic channels whose thresholds are lower than the mass of a discussed bare state are taken into consideration, by which the coupled-channel corrections become calculable.
In the following, we should briefly introduce how to employ the QPC model to get the partial wave amplitude M LS appearing in Eq. (7) . In the QPC model, a transition operator T is defined as [58] 
where p 3 and p 4 are momenta of the quark and anti-quark, respectively, which are created from the vacuum. b † 3 and d † 4 represent the quark and anti-quark creation operators. χ 34 , φ 34 0 , ω 34 0 , and Y m 1 are spin, flavor, color, and orbital wave functions of the created quark pair, respectively. The γ depicts the strength of a quark-antiquark pair created from the vacuum, which is fixed by fitting the experimental data. Finally, the M LS could be expressed as
Here, the integral I(Pẑ, m 1 , m 2 , m 3 ) is the overlap of the finial and initial wave functions in momentum space
where ψ nLM (p) is the spatial wave function of a meson state, which can be given by the GI model. It could be decomposed as ψ nLM (p) = R nL (p)Y LM (p), where the numerical result of R nL (p) for the involved mesons will be given in the next subsection and Y LM (p) represents the angular part.
With these preparations, we will present the numerical results in the next subsection.
C. The numerical results
To present the numerical result, the key point is to quantitatively calculate a bare cc 2P state coupling with the corresponding open-charm channels. As described in Sec. III B, the γ value should be provided, and spatial wave functions of charmonia and charmed mesons involved in this work should be given.
As shown in Sec. II, the numerical spacial wave functions of the mesons involved in this work can be obtained with the help of the GI model, where the numerical results of a radial part R nL (p) for the involved mesons are collected in Fig. 4 . Instead of directly applying the obtained numerical radial wave functions to concrete calculation, we adopt R nL (p) = n max n=1 C n R SHO nL (p), where R SHO nL is the simple harmonic oscillator (SHO) basis with an expression
For different states, we choose β = 0.5 and n max = 20, by which the numerical wave functions shown in Fig. 4 can be well reproduced. Here, the values of C n (n = 1 − 20) are collected in Tables III-IV.   TABLE III: The values of C n (n = 1, 2, · · · , 20) to reproduce the numerical radial wave functions of χ cJ (2P) and ψ(1 3 D 1 ) in Fig. 4 . To determine the γ value, we need to reproduce the widths of ψ(3770) and ψ(4040), which are treated as ψ(1 3 D 1 ) and ψ(3 3 S 1 ) charmonium states, respectively. The allowed opencharm decay channels are the DD mode for ψ(3770), and the DD, DD * , D * D * , and D s D s modes for ψ(4040), where the sum of these open-charm decays almost provides the width of these two charmonia. The QPC model is employed to calculate the corresponding partial decay widths (the details of the QPC model can be found in Eqs. (10)-(11)) 3 . We find that taking γ = 0.4, the experimental width of ψ(3770) and ψ(4040) (Γ exp ψ(3770) =27.2 MeV and Γ exp ψ(4040) =80 MeV [47] ) can be reproduced here. In this calculation, the obtained numerical wave functions shown in Fig. 4 and Tables III-IV are 3 The expression of width is
which is equivalent to Γ in the second equation in Eq. (6) . Here, M LS is given by Eq. (11) input. Additionally, we give the masses of the involved states With the above preparation, we have no free parameter when presenting the result of the discussed 2P states of the charmonium family. As illustrated in Fig. 5 , we may plot the dependence of the self energy function ReΠ(m 2 ) and the corresponding function m 2 − m 2 bare on m for each discussed state. Then, we can find an intersection of these two curves, which corresponds to an m value. This m value is the physical mass m phy defined in Eq. (6) .
Our result indicates:
• For χ c1 (2P), its physical mass is 3855 MeV, where the mass shift from the DD * channel is -81 MeV, which shows that the unquenched effect is obvious. In this approach, the 1 ++ particle X(3872) can be categorized as χ c1 (2P). Although there is small difference between the exact mass of X(3872) and our result, we are still satisfied by our present result, since the result is obtained without free parameters and the low mass puzzle of X(3872) is comprehensible.
• For χ c0 (2P), the bare mass is 3885 MeV. After considering the unquenched effect, the mass shift is +19 MeV, which is due to the DD channel contribution. Finally, the physical mass of χ c0 (2P) is 3904 MeV, which is consistent with the experimental width of X(3915) observed in γγ → ωJ/ψ [37] . This can be seen later in the next subsections.
• For χ c2 (2P), the unquenched effect from the DD, DD * , and D sDs channels makes its physical mass lower down to 3917. Thus, assigning Z(3930) existing in γγ → DD [36] as a χ c2 (2P) state is supported by our calculation of mass spectrum.
In Table V , we summarize the above results for convenience of readers. Fig. 4 and Tables III-IV as We want to emphasize that the mass gap between χ c2 (2P) and χ c0 (2P) can be decreased to only 13 MeV in our calculation, which shows that the small mass gap between Z(3930) and X(3915) (see Fig. 2 ) can be understood well.
Although this small mass gap between Z(3930) and X(3915) can be achieved in our unquenched model, we must face the serious problem. That is, before the present work, there are several theoretical calculations using the unquenched model [27, [49] [50] [51] [52] as summarized in Sec. III A. Why can we get this good result consistent with the experimental observation?
In the next subsection, we need to give an analysis to clarify this point, which makes our conclusion more convincing.
D. How important is the node effect?
In this subsection, using Eqs. (6, 7, 11, 12) , we show how the node affects the decay width Γ of χ c0 (2P). We also show the parameter β dependence of masses and the mass gap between χ c0 (2P) and χ c2 (2P) so that the mass gap becomes smaller.
For the n-th radial excitation of a meson family, its spatial wave function ψ nLM (p) contains a radial one R nL (p) with (n − 1) nodes. If taking a simple form like Eq. (13) to express R nL (p), we can list its line shape dependent on β as shown in Fig. 6 , where we take χ cJ (2P) state as an example. For χ cJ (2P) states, the principle quantum number is n = 2, and the orbital angular momentum is L = 1. At the node, a radial wave function can be seperated into R nL (p) < 0 and R nL (p) > 0 parts. The position of a node changes with different β values. Then, we apply this wave function to calculate the integral I(Pẑ, m 1 , m 2 , m 3 ) given in Eq. (12) . Since it is the overlap of the finial and initial wave functions, the dependence of a node on β directly results in the dependence of I(Pẑ, m 1 , m 2 , m 3 ) on the β value. To intuitively reflect this aspect, we take χ c0 (2P) affected by the DD channel as a typical example, where we still take a numerical wave function listed in Fig. 4 for the final state D meson as input. For χ c0 (2P), its radial wave function is defined by an SHO wave function given in Fig. 6 to illustrate the β dependence of I(Pẑ, m 1 , m 2 , m 3 ). The integral in Eq. (12) is further rewritten as
where f (p, Pẑ) represents the remaining parts other than ψ n A L A M L A (p) in Eq. (12) . p node is the p value corresponding to a node in a radial wave function of χ c0 (2P). The subscript A in Eq. (15) is employed to label the χ c0 (2P) state. In Eq. (15) , the integral p node 0 R n A L A (p)p 2 dp can partially cancel the contribution of ∞ p node R n A L A (p)p 2 dp. It is obvious that the node position becomes crucial to the result. Then, for Eq. (11) R n A L A (p)p 2 dp and ∞ p node R n A L A (p)p 2 dp, respectively. In Fig. 7 , we present the dependence of M LS on the physical mass of χ c0 (2P) with four typical β values, which will be applied to discuss the width of χ c0 (2P) state. We find that the mass value corresponding to M LS = 0 changes with different β values. The above analysis shows that the node effect should be emphasized. In Fig. 8 , we further give ReΠ(m 2 ) of χ c0 (2P) and χ c2 (2P) with different β values, where the line shapes of ReΠ(m 2 ) are dependent on a concrete β value. Since ReΠ(m 2 ) is a key step to determine the physical mass of χ c0 and χ c2 , the physical mass of χ c0 and χ c2 must be dependent on the β value (see Table VI for more details). We also find that the mass gap between χ c0 (2P) and χ c2 (2P) becomes smaller as the β value increases. In the former calculations by the unquenched models [49, 50] , the authors selected different wave functions as input, which results in the inconsistences among the obtained results.
In the present work, we take the GI model to get the numerical spatial wave function of the involved states. Before giving the inputs, we firstly reproduce the mass spectrum of the well known charmonia. This treatment avoids the uncertainty caused by spatial wave functions or the so-called β value, which also makes our conclusion to χ cJ (2P) states reliable. Finally, the reason why we may get small mass gap can be naturally explained by the above analysis.
E. The χ c0 (2P) state must be a narrow state!
In Table V , we also give our result of width of χ cJ (2P) state. For χ c2 (2P) state, the calculated width is 26 MeV, which is consistent with the experimental width of Z(3930) (Γ Z(3930) = 24 ± 6 MeV [47] ). This result supports the charmonium-like state Z(3930) to be a χ c2 (2P) state again.
In the following, we need to focus on the χ c0 (2P) state. Our unquenched calculation shows that χ c0 (2P) should be a narrow state only with a width 23 MeV (see Table V ). If checking the resonance parameter of X(3915), we find that our result overlaps with the measured width of X(3915). Here, the χ c0 (2P) state dominantly decays into a DD channel, which is a typical S -wave interaction. Since there is enough phase space for the χ c0 (2P) → DD decay, we usually guess that the partial decay width of χ c0 (2P) → DD is large before performing a realistic study. As indicated in Sec. III D, for the discussed χ cJ (2P) states, the node effect is important. When discussing the width of χ c0 (2P), the node effect on the width is obvious which can be reflected by the data from the third column in Table VI . Thus, assigning X(3915) as a χ c0 (2P) state is fully possible. It is obvious that treating X(3860) with a width 201 MeV as χ c0 (2P) by Belle [45] cannot be supported by our present study. We also notice a theoretical work, where Wang, Liang and Oset indicated that it is questionable to assign X(3860) as χ c0 (2P) [59] since the poor precise data of the Belle cannot rule out the existence of a DD bound/unbound state.
We also noticed the recent LHCb's result of the DD invariant mass spectrum from the pp collision [29] . By analyzing the DD invariant mass spectrum, LHCb found a new narrow charmonium-like state X(3842) which can be a good candidate of ψ(1 3 D 3 ) state in the J/ψ family. Accompanied by X(3842), ψ(3770) also exists in the measured DD invariant mass spectrum. Besides, there is a structure around 3.9 GeV. The LHCb Collaboration claim that this 3.9 GeV structure may correspond to Z(3930) as χ c0 (2P) state. Thus, LHCb's data can be employed to search for charmonia with DD decay mode. FIG. 9: The DD invariant mass spectrum from pp collision in Ref. [29] In Fig. 9 , we collect the LHCb's data of the DD invariant mass spectrum, especially focusing on the 3.9 GeV structure. We want to emphasize that this 3.9 GeV structure cannot be described by a simple Breit-Wigner formula, and conjecture that this 3.9 GeV structure may contain at least two substructures according to our former analysis presented in Ref. [35] . In Ref. [35] , we once analyzed the structure around 3.9 GeV existing in the DD invariant mass spectrum from γγ → DD and indicated that this structure can be composed of χ c0 (2P) and χ c2 (2P).
We strongly suggest experimentalists to examine it. If our conjecture can be confirmed in experiment, one substructure may correspond to the χ c0 (2P) state and another denotes the χ c2 (2P) state. Observation of the DD decay mode of X(3915) is the key point to finally establish X(3915) as χ c0 (2P) state.
We also want to comment on the Belle's result of X(3860) [45] from e + e − → J/ψDD or the broad structure X(3840) with mass 3837.6±11.5 MeV reported in Ref. [40] from γγ → DD. Since X(3860) or X(3840) exists in the DD structure, there should exist their explicit signal in the LHCb's data of the DD invariant mass spectrum. Unfortunately, we cannot find any evidence either of X(3860) or X(3840) in the DD invari-ant mass spectrum released by LHCb [29] . This fact cannot be evaded by the authors in Refs. [40] if treating X(3860) [45] or the so-called X(3840) as χ c0 (2P). Here, it is the time to seriously check whether the broad structures X(3860) [45] and X(3840) [40] are due to resonance contribution or background, which will be a crucial task left to experimentalists.
Finally, we should state our opinion on the χ c0 (2P) state: χ c0 (2P) must be a narrow state and the charmonium-like state X(3915) is a good candidate of χ c0 (2P) without any doubt.
IV. SUMMARY
Since the observation of J/ψ in 1974, the charmonium family has become abundant. In the past 17 years, the charmonium-like XYZ states have been reported, which not only provides a good chance to explore exotic hadronic states but also gives us an opportunity to identify a missing charmonium. However, the road to identify a missing charmonium is not smooth. A typical example is X(3915) discovered in γγ → ωJ/ψ by Belle [37] . In the former work, the Lanzhou group indicated that X(3915) is a good candidate for the χ c0 (2P) state [34] . Later, BaBar confirmed that the J PC quantum number is 0 ++ by performing angular momentum analysis [38] . According to this result, the 2013 version of PDG [39] labeled X(3915) as χ c0 (2P). However, some theoretical groups proposed three problems against such an assignment (see the review in Sec. I). Among these problems, it has been a crucial task we have to face how to explain the small mass gap between X(3915) and Z(3930).
In this work, we have seriously studied the possibility of X(3915) as χ c0 (2P). For the discussed χ cJ (2P) states, they are above the DD and DD * thresholds. Thus, a coupled-channel effect should be considered when performing such a study, which is a typical unquenched picture for hadrons. Based on an unquenched quark model, we have calculated the mass spectrum of three χ cJ (2P) states. To avoide the uncertainty from input parameters, we have fixed the γ value and have taken numerical spatial wave functions of the involved states calculated by the GI model. Having carried out the GI model calculation, we have reproduced the masses of the well established charmonia. Having done the above treatment, no free parameter has existed in our calculation. Our results have shown that the mass difference between χ c0 (2P) and χ c2 (2P) is 13 MeV, which is very close to the mass gap between X(3915) and Z(3930). Of course, the masses of X(3915) and Z(3930) have been reproduced in the present work. For letting the reader to convince our result, we have given an analysis to explain why we can reach such good results different form the former unquenched model calculation, where the importance of node effects due to spatial wave functions of 2P charmonium is explicitly indicated.
Besides mass spectrum analysis to support the assignment of X(3915) as χ c0 (2P), we have also calculated the width of χ c0 (2P) to be 23 MeV. Such a value is also consistent with the experimental data of X(3915), which further enforces the possibility of X(3915) as χ c0 (2P). Especially, in this work we have emphasized that χ c0 (2P) should be a narrow state.
To finally establish X(3915) as χ c0 (2P), the search for X(3915) → DD is crucial. In Ref. [35] , the Lanzhou group proposed that the 3.9 GeV structure corresponding to Z(3930) in the DD invariant mass spectrum of γγ → DD should be composed of two substructures, which gives a solution of the dominant DD channel of X(3915) missing in experiments. Recent LHCb's data of the DD invariant mass spectrum from pp collision [29] can again support the above proposal since the 3.9 GeV structure existing in LHCb's data cannot be depicted by one structure. We strongly encourage an experimental study of the detailed structure around 3.9 GeV found by LHCb from the DD invariant mass spectrum data.
Before making a final conclusion X(3915) as χ c0 (2P), we still need to face the so-called consistency problem existing in two estimated branching ratios of B(χ c0 (2P) → ωJ/ψ), which was proposed in Ref. [42] . Here, Olsen adopted two approaches to estimate B(χ c0 (2P) → ωJ/ψ): (1) assuming that both X(3915) from the γγ → J/ψω process and Y(3940) from B + → J/ψωK + [60] are originated from the same state • Although there exists similarity of the resonance parameters of X(3915) and Y(3940), this treatment of X(3915) as the same as Y(3940) is not acceptable in the whole community (see a review article [64, 65] ). In fact, Y(3940) from B + → J/ψωK + [60] is a good candidate of a D * D * molecular state as indicated in Ref. [66] . Thus, this value of B(B + → K + Y(3940)) × B(Y(3940) → J/ψω) cannot be applied to estimate the branching ratio of χ c0 (2P) → J/ψω.
• Eq. (16) is only valid under the framework of a quenched quark model. For these higher charmonia with mass above the threshold of a charmed meson pair, the hadronic loop contribution should be considered in calculating their decays. In Ref. [67] , the Lanzhou group performed a realistic study of X(3915) → J/ψω and Z(3930) → J/ψω, which occurs via intermediate hadronic loops composed of charmed mesons. The result shows that the partial decay width of χ c2 (2P) → J/ψω is at least one order of magnitudes smaller than that of χ c0 (2P) → J/ψω [67] . It is obvious that the relation shown in Eq. (16) is violated by a hadronic loop effect when discussing higher charmonia χ c0 (2P) and χ c2 (2P). Thus, the estimate of the upper limit of a branching ratio of χ c0 (2P) → J/ψω in Ref. [42] is questionable.
As illustrated above, we would like to emphasize that the consistency problem raised in Ref. [42] does not exist. Of course, investigating the χ c0 (2P) → J/ψω decay in near future will still be an interesting issue. We hope that the present work can provide valuable information to clarify the messy situation of identifying the candidate of χ c0 (2P). In the following years, experimentalists should dedicate themselves to this tough problem accompanied by theorists, where LHCb and Belle II will still play the main force role.
